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tIn this short arti
le, we look at an old logi
al puzzle, its solu-tion and proof and dis
uss some interesting aspe
ts 
on
erningits representation in a logi
 programming language like Prolog.We also dis
uss an intriguing information theoreti
 aspe
t ofthe puzzle. In parti
ular, we des
ribe a situation that showshow it is not always obvious whether or not zero informationhas been given.1 Introdu
tionIn a 
ertain village on the remote plains of Forni
alia there existsome men who are having a�airs with the wives of other men. Nowthere is a gruesome 
ustom in this village whi
h requires a womanto kill her husband the morning after she dis
overs that he is havingan a�air with another woman. It also happens that every womanknows whether every other man is having an a�air or not ex
ept1



her own husband.1 So life in this village goes on pea
efully sin
eno woman 
an know for sure that her own husband is 
heating onher. Unfortunately, an Ora
le from the pure and untainted shores ofdistant Stobon visits the village one day and pro
laims that at leastone man in this village is having an a�air. What happens after this?Readers are urged to think of a solution themselves before pro
eeding fur-ther. We �rst present the solution and its proof and �nally go on to dis
uss theinformation theoreti
 aspe
ts of this remarkable problem.2 A similar treatmentof this and some other aspe
ts of the puzzle 
an also be found in Moses et al.(1986) and Halpern and Moses (1990), both of whi
h also 
ite other sour
eswhere further dis
ussion of the topi
 
an be found.The �rst two se
tions of this short note will be of use as a reading for un-dergraduate Computer S
ien
e students learning its foundations. It's �nal twose
tions are independent of ea
h other and may be read in any order. Se
tion 3is a ni
e Prolog representation of this proof that 
an be used to visualise andfeel 
omfortable with it for those of us, in
luding from time to time, the au-thors, who are still skepti
al in spite of believing the underlying mathemati
s.Se
tion 4 deals with an intriguing aspe
t of this problem to do with InformationTheory. It is likely to be useful to graduate students or 
omputing professionals1A further important fa
t that is often not emphasized in most renditions of this puzzle isthat not only does ea
h woman know the 
hara
ter of every other man in the village ex
ept herown husband, she also knows this to be true of all the women in the village. It is also assumedthat the women in this village possess the intelligen
e required to make logi
al inferen
es andthat they re
ognize this ability in ea
h other.2Ray Solomono� has remarked that \In older kinder times, des
riptions of problems of thissort were less grisly. A person would have a bla
k spot painted on his forehead or not. Nomirrors exist in the 
ommunity, so ea
h person would know if another had a bla
k spot, buthe 
ould not dire
tly know about himself." 2



being exposed to Information Theory for the �rst time. In any 
ase, the arti
leis bound to be of interest to anyone with a problem-solving bent of mind.The answer to the above question is that n killings will take pla
e on themorning of the nth day after the Ora
le's seemingly inno
uous but ultimately
atastrophi
 pro
lamation, where n is the number of unfaithful men. If thereare 100 unfaithful men, for example, then nothing will happen for 99 days, buton the 100th morning, all 100 of the unfaithful men will be killed!2 ProofLet a woman be said to \know" that her husband is unfaithful when she hasreason to believe beyond doubt that he is having an a�air. Sin
e she 
an neverhave �rst-hand knowledge about the 
hara
ter of her own husband it followsthat her knowledge in this matter is ne
essarily inferred fa
t. In the absen
e ofthis knowledge, she is for
ed to subs
ribe to what we 
all \the 
onservative hy-pothesis" that one's own husband is faithful. If a woman reje
ts the 
onservativehypothesis, then it follows that she has determined her husband is unfaithfuland will thus kill him the next morning.Here is the indu
tive assertion we make on i, the number of unfaithful menin the village:S(i) : If there are i unfaithful men in the village, then i�1 morningsafter the Ora
le's pro
lamation, ea
h of the i wives of the i unfaith-ful men will have 
on
lusive eviden
e to dismiss the 
onservative3



hypothesis about their husbands.2.1 BasisConsider the 
ase when there is exa
tly one unfaithful man A in the village.Until the Ora
le's visit, A's wife has no reason to believe that her own husbandis unfaithful and will thus 
ontinue to subs
ribe to the 
onservative hypothesis.Immediately after the Ora
le's visit, however, A knows that at least one manin the village is unfaithful. Sin
e it 
annot be any of the others whom A knowsto be faithful, A infers that it must be her own husband and so kills him onthe morning of the �rst day following the Ora
le's visit. It has taken A's wifeexa
tly 0 mornings to determine whether her husband was faithful or not. Thebasis is therefore true.2.2 Indu
tive stepAssume that our assertion S(i) is true for all numbers of unfaithful men lessthan n, i.e. for 0 < i < n. Now suppose that the village has n unfaithful men.We prove by 
omplete indu
tion on n that S(i) still holds.When i = n, there are two possible impli
ations that 
ould result from the
onservative hypotheses of the Forni
alian women:1. n� 1 men in the village are unfaithful2. n men in the village are unfaithfulStatement 1 is the impli
ation of the 
onservative hypothesis held by the4



wives of ea
h of the n unfaithful men, sin
e they know n � 1 other unfaithfulmen and have no reason to believe their own husbands are unfaithful. Statement2 is the impli
ation of the 
onservative hypothesis held by the rest of the womenin the village.By the indu
tive hypothesis, the believers of statement 1 will expe
t n � 1killings to take pla
e on the morning of the n� 1st day after the Ora
le's visit.However, this doesn't happen sin
e ea
h of the n women will expe
t to see thehusbands of the other n � 1 women dead and not their own. Therefore, onthe morning when this expe
ted killing doesn't take pla
e, they are for
ed toreje
t their 
onservative hypothesis and 
on
lude there must be more than n�1unfaithful men in the village. Sin
e ea
h of the women know that exa
tly n� 1other men are unfaithful, ea
h 
on
ludes that the only possibility is that n menmust be unfaithful and that the nth unfaithful man must be her own husband.She thus kills him on the morning of the nth day. It has taken the n wives ofthe n unfaithful men exa
tly n� 1 mornings to determine that their husbandswere unfaithful. This 
ompletes the indu
tive step and so S(i) is true for all n.3 The proof in PrologModelling the puzzle in Prolog is an interesting exer
ise. While it ta
kles theproblem from a di�erent angle to shed further light on it, it also tests howe�e
tive a logi
 programming language would be for representing and solvingproblems of this kind. 5



3.1 Prolog preliminariesThe main assertion, whi
h we will 
all s(N), is that when there are N unfaith-ful husbands then the N wives will dis
over this on day N � 1. This 
an berepresented by a Prolog predi
ate s(N) whi
h will su

eed if the assertion istrue and will fail otherwise. N , of 
ourse, must be a positive number so a �rstattempt at spe
ifying our goal might be this:s(N), N > 0.However, this will not do on two 
ounts. First, sin
e Standard Prolog (De-ransart, Ed-Dbali, and Cervoni 1996) does not have either impli
it or expli
ittyping of variables there is no guarantee that N will be a number during a 
all.Se
ondly, Prolog insists that N must have been instantiated to a 
onstant valueby the time the 
all N > 0 takes pla
e. We don't wish to be this restri
tivesin
e we need to 
he
k that it is satis�ed for all positive N , so will want to beable to make the 
all with N uninstantiated.A way of solving both problems at on
e is to represent numbers in stru
turedform (see, for example, Sterling and Shapiro (1994)). We will slightly amendtheir representation, and denote zero by 0, 1 by 0+1, 2 by 0+1+1, et
.To re
ognise numbers in this form we set up a predi
ate, natural number(N)whi
h su

eeds if N is a number in this form and fails otherwise. A re
ursivede�nition of this predi
ate is given below:natural_number(N):-var(N),!. 6



natural_number(0).natural_number(N+1):- natural_number(N).Noti
e that we allow any uninstantiated variable to denote a number whi
his what is needed for the general 
ase. The two operations that we need to beable to 
arry out on these numbers are 
he
king for equality, and 
he
king forone being less than another.We 
annot use the standard uni�er operator, =, for 
he
king equality sin
ea 
all su
h as N = N + 1 will send most Prolog systems to sleep. This isbe
ause the variable on the left hand side also o

urs in the expression onthe right hand side. To get around this problem, we use the Standard Prologpredi
ate unify with o

urs 
he
k to ensure this kind of 
omparison fails andthen 
reate an operator eq for 
he
king equality of numbers thus::-op(700,xfx,eq).0 eq 0.A+1 eq B+1 :- unify_with_o

urs_
he
k(A,B),natural_number(A), natural_number(B).An operator, lt, for 
he
king whether one number is smaller than another
an similarly be set up::- op(700, xfx, lt).0 lt K+1 :- natural_number(K).A+1 lt B+1 :- \+ (A eq B), A lt B.\n+" is the Standard Prolog symbol for `not provable'. Note that we needto 
he
k for A being equal to B. Otherwise the test will loop in this situation.7



3.2 Proof representationMoving on now to how the indu
tive assertion, s(N), 
an be expressed in termsof the problem, we �rst 
reate a predi
ate, reje
t 
onservative hypothesis,whi
h indi
ates the number of days that it will take the betrayed women ofForni
alia to abandon their 
onservative hypothesis. This 
an be written asfollows:reje
t_
onservative_hypothesis(I, N, Day)where I is the indu
tive 
ounter, N denotes the test 
ase, and Day is the dayon whi
h the women 
an work out the truth. Now we express s(N) in terms ofreje
t 
onservative hypothesis:s(N):- reje
t_
onservative_hypothesis(N, N, Day), N eq Day+1.The above statement says that if there are N unfaithful husbands then thewives will dis
over this on day number N � 1. Note that, as it happens, we donot have to stipulate N > 0 sin
e this is impli
it in the term N = Day + 1.By the indu
tive assumption, if the number of betrayed women, I , is lessthan N then they will dis
over this on day I � 1. This 
an be written:reje
t_
onservative_hypothesis(I, N, Day) :- I lt N, I eq Day+1.Then, of 
ourse, the killings take pla
e. We introdu
e a predi
ate 
alledkill to indi
ate when this o

urs: 8



kill(I, Day)This happens, for all I , on the day after the women learn the truth. So wehave:kill(I, Day+1) :- reje
t_
onservative_hypothesis(I, N, Day).Now we need to determine when the betrayed women �nd out in the 
asewhen I = N . TheN women in this 
ase subs
ribe to the 
onservative hypothesisand therefore believe there are N � 1 unfaithful husbands. They will, therefore,expe
t these husbands to be found out on day N � 2, and to be killed on dayN � 1. If this is so then the 
all:?- kill(N, Day).where N = Day + 1 will su

eed. If it doesn't then they will know their ownhusbands are unfaithful. We 
an express this in the Prolog 
lause:reje
t_
onservative_hypothesis(N, N, Day) :- N eq Day+1,\+ kill(N, Day).Finally, we have to 
he
k that the basis is satis�ed. The simplest way ofdoing this is to make the 
all:s(0+1)to 
he
k whether it su

eeds. Not only this, but we must ensure it does notuse the indu
tive rule. A tra
e of the program, run under SICStus Prolog9



(Andersson et al. 1993) is shown in Figure 1. It veri�es that, indeed, the proofdoes not use the indu
tive rule and so is satis�ed.| ?- s(0+1).Call: s(0+1)Call: reje
t_
onservative_hypothesis(0+1,0+1,Day)Call: 0+1 lt 0+1Call: 0+1 eq 0+1Exit: 0+1 eq 0+1Fail: 0+1 lt 0+1Call: 0+1 eq Day+1Exit: 0+1 eq 0+1Call: \+ kill(0+1,0)Call: kill(0+1,0)Fail: kill(0+1,0)Exit: \+ kill(0+1,0)Exit: reje
t_
onservative_hypothesis(0+1,0+1,0)Call: 0+1 eq 0+1Exit: 0+1 eq 0+1Exit: s(0+1)Figure 1: A program tra
e of the basis of the proof in SICStus PrologIf we now make a 
all with any legal value of N , (N = 0 + 1 + 1 + 1, forexample), then S will su

eed. Indeed, if we make the general 
all:?- s(N).then the solution will be:N = _ + 1where \ " is the anonymous variable denoting any value. Figure 2 shows aprogram tra
e for this general 
ase. Thus we 
an infer that the assertion is truefor all values of N . 10



| ?- s(N).Call: s(N)Call: reje
t_
onservative_hypothesis(N,N,Day)Call: N lt NFail: N lt NCall: N eq Day+1Exit: Day+1 eq Day+1Call: \+ kill(Day+1,Day)Call: kill(Day+1,Day)Call: reje
t_
onservative_hypothesis(Day+1+1,N,Day)Call: Day+1+1 lt NFail: Day+1+1 lt NCall: Day+1+1 eq Day+1Fail: Day+1+1 eq Day+1Fail: reje
t_
onservative_hypothesis(Day+1+1,N,Day)Fail: kill(Day+1,Day)Exit: \+ kill(Day+1,Day)Exit: reje
t_
onservative_hypothesis(Day+1,Day+1,Day)Call: Day+1 eq Day+1Exit: Day+1 eq Day+1Exit: s(Day+1)Figure 2: A program tra
e of the general 
ase of proof in SICStus PrologAlso, if we wish to �nd out whi
h day the unfaithful husbands are dis
overedthen we 
an make the 
all?- reje
t_
onservative_hypothesis(N, N, Day).whi
h gives the general solution:N = Day + 1 ,Day = _Clearly it is possible to represent the problem fairly dire
tly in Prolog andalso to use the language's dedu
tive me
hanism to verify the solution. Howev-er, the representation and manipulation of numbers is rather 
lumsy and the11



program produ
ed is not purely de
larative. It may be that using a more so-phisti
ated logi
 programming language su
h as Mer
ury (Somogyi et al. 1995)would produ
e a 
leaner solution. A more signi�
ant limitation worth mention-ing is that the program only 
on�rms the solution | the insight enabling theproblem to be solved in the �rst pla
e has been provided by a human and isbuilt into the program.4 Information Content of the Pro
lamationSurprisingly, the mathemati
al proof presented above requires the Ora
le tovery mu
h be an essential part of this situation. If not for the Ora
le, the basisfails. Yet, it seems on a �rst reading that the Ora
le's statement 
ontains nouseful information in a village that has more than one unfaithful man. Consid-er the village that has two unfaithful men, for example. Every woman in thevillage knows at least one unfaithful man. Thus the Ora
le's pro
lamation isat best, one 
ould say, \stating the bleeding obvious." A foundational resultin Information Theory due to Shannon and Weaver (1949, p.82{83) shows thatwhen the term information is sensibly de�ned, the information 
ontent of asymbol is equal to the negative logarithm of its probability. We also point thereader at another seminal work, Hamming (1980), where the former interestingresult is more a

essibly dis
ussed at length, and at the URL: http://
m.bell-labs.
om/
m/ms/what/shannonday/ from where a 
opy of Shannon's originalpaper 
an be downloaded. This latter do
ument, however, doesn't 
ontain12



Weaver's lu
id dis
ussion of the signi�
an
e of Shannon's results.Claiming that the information 
ontent of a symbol is related to the negativelogarithm of its probability is tantamount to 
laiming that no useful information
an be 
onveyed by a 
ertain event. The more un
ertain and therefore surprisingan event is, the more information it 
ontains. If we told you, for example, thatthe Sun rose in the East this morning, you will hopefully not bene�t mu
h fromthis fa
t by virtue of your already atta
hing a very high probability to thisevent. However, if we were to tell you instead that the Sun happened to rise inthe West, that information, assuming it is true, will be of utmost interest anduse to you. In general the information 
ontent in an event i is � log pi where piis the probability of the event.The term information is used somewhat di�erently in logi
 and in infor-mation theory. In the latter we are able to spe
ify a single real number thatuniquely 
hara
terises the information 
ontent of a sour
e, but not so in theformer. Yet, it turns out that Shannon's results are just as profoundly validin logi
 or epistemology as they are elsewhere. For instan
e, ea
h observer willatta
h a subje
tive probability to a given statement being true. And to thisobserver, the amount of information 
ontained in an event that exposes the ob-je
tive truth value of that statement is in fa
t equal to the negative logarithmof this subje
tive probability. So at the very least, if we know whether an eventwas 
ertain or not, we 
an asso
iate either zero information 
ontent with it ornot. Naturally, we would expe
t an event void of information to have no e�e
tupon its re
ipient and thus only expe
t e�e
ts to be 
aused by un
ertain events,13



however small this un
ertainty is. The point that is relevant to our dis
ussionhere is that while we are unable to say pre
isely how mu
h subje
tive informa-tion is 
ontained in an un
ertain event for ea
h person, we are able to say with
ertainty that a sure event 
ontains zero information for ea
h person 
on
erned.Now suppose again that there are at least two unfaithful men in the village.Every wife in the village knows at least one unfaithful man and so the subje
tiveprobability she will assign to the event that there is at least one unfaithful manin the village is 1.0. It follows, therefore, that the information 
ontained forher in the ora
ular statement that 
laims this 
ertain event is � log 1 = 0.So how 
an this event, seemingly void of information, 
ause su
h a 
atastrophi
result? Let us rephrase the problem to make it even more expli
it. The Ora
lehas not told the women of Forni
alia anything new that they didn'talready know. So why was its pro
lamation 
riti
al in determiningthe subsequent 
ourse of events in the village? Pondering this question,more than any other, promises to be most instru
tive for someone just beingintrodu
ed to the subtleties of Information Theory. Again, we invite the readerat this point to 
ontemplate why this is so before pro
eeding further.4.1 Why the Ora
le is essentialIt turns out that the Ora
le's pro
lamation did indeed bear no useful informationfor any woman. And this is pre
isely the reason that no killing takes pla
e onthe �rst day following this event. But a fa
t about the pro
lamation itselfbears useful information for just the wives of the two unfaithful men in the14



village. In parti
ular, it is the meta-fa
t that the ora
ular pro
lamation hadzero information for every woman in the village. In other words, although everywoman knew that the village had at least one unfaithful man, not every womanknew that \every woman knew that the village had at least one unfaithful man".Consequently, these women will atta
h a non-unitary probability to this eventand will thus �nd it useful. Let's review the 
ase when there are exa
tly twounfaithful men in the village. Call their wives A and B. Every woman in thevillage knows at least one unfaithful man. But not every woman knows thatevery woman knows at least one unfaithful man. To be pre
ise, A and B knowonly one unfaithful man in the village and A does not know that B knows thatthere exists at least one unfaithful man and vi
e-versa. Thus the fa
t that Bdoes know this 
omes as a surprise to A after the �rst morning. In general, one
an make the following assertion for any number, i > 0, of unfaithful men inthe village:T (i) : If there are i unfaithful men in the village, then the wivesof these i men don't know (that every woman knows)i�1 that thereexists at least one unfaithful man in the village.where the supers
ripted index denotes i � 1 repetitions of the parenthesizedphrase. It is easy to prove T (i) by indu
tion along the lines of our previousproof in the �rst se
tion. Thus those women who don't know the above fa
t willatta
h a subje
tive probability p < 1 to it's being true and 
onsequently �nd itof informative value. So the Ora
le is an integral part of the situation after all.Had it not visited the village, the 
atastrophe wouldn't have been triggered o�15



and the village would have 
ontinued to exist as a harmonious so
iety in whi
hno woman 
an 
on
lusively nail down her husband. However, that being not the
ase, thus ends the lamentable tale of the Stobon Ora
le and the 
lever widowsof Forni
alia.3 The men's lives wouldn't have been lost in vain if their story hasinspired in new students a deep and lasting love for Information Theory.A
knowledgmentsThe authors wish to thank Ray Solomono� for his insightful 
omments on the
ontent of this paper.Referen
esAndersson, J., S. Andersson, K. Boortz, M. Carlsson, H. Nilsson, T. Sj�oland,and J. Wid�en (1993). SICStus Prolog User's Manual, Version 2.1 #8. Te
hReport T93:01, Swedish Institute of Computer S
ien
e, KISTA, Sweden.Deransart, P., A. Ed-Dbali, and L. Cervoni (1996). Prolog: The standard.Referen
e Manual. Berlin: Springer Verlag.Halpern, J. Y. and Y. Moses (1990). Knowledge and 
ommon knowledge in adistributed environment. JACM 37 (3), 549{587.Hamming, R. W. (1980). Coding and information theory (2nd ed.). Engle-3Imagine the even more lamentable 
ase when there is exa
tly one unfaithful man and hiswife also happens to be the only free thinking se
ret rebel in the village who doesn't believe inits gruesome 
ustom. Suppose she demonstrates her re
al
itran
e by not killing her husbandon the morning of the �rst day after the Ora
le's pro
lamation. What happens then?16



wood Cli�s, NJ.: Prenti
e-Hall.Moses, Y., D. Dolev, and J. Y. Halpern (1986). Cheating husbands and otherstories: A 
ase study of knowledge, a
tion and 
ommuni
ation. DistributedComputing 1 (3), 167{176.Shannon, C. E. and W. Weaver (1949). The mathemati
al theory of 
ommu-ni
ation. Urbana: University of Illinois Press.Somogyi, Z., F. Henderson, and T. Conway (Feb 1995). Mer
ury: An eÆ
ien-t purely de
larative logi
 programming language. In Pro
eedings of theAustralian Computer S
ien
e Conferen
e, Glenelg, Australia. 499{512.Sterling, L. and E. Shapiro (1994). The art of Prolog: Advan
ed programmingte
hniques (2nd ed.). Cambridge, MA: MIT Press.

17


